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Glossary

Linear Algebra

De�nition. A real vector space V is a set equipped with an addition operation +, and a scalar (R)
multiplication operation ⋅ satisfying the usual identities.

De�nition. A subsetW ⊂ V is a subspace ifW is a vector space under the same operations as V .

De�nition. A linear combination of a subset S ⊂ V is a sum of the form

∑
v∈S

av ⋅ v, where each av ∈ R, and only �nitely many of the {av}v∈S are nonzero.

De�nition. �e span of a subset S ⊂ V is the subspace span(S) of linear combinations of S.

De�nition. A subset S ⊂ V is linearly independent if

∑
v∈S

av ⋅ v = 0 Ô⇒ each av = 0.

De�nition. A subset S ⊂ V is a basis if it is linearly independent and spans V .

We assume the axiom of choice. Every vector space has a basis.

De�nition. If a vector space has a �nite basis of size n, we say that dimV = n. Otherwise, we say
that V is in�nite-dimensional.

�is makes sense because if dimV = n, then all bases have size n.

IfW ⊂ V is a subspace, and if dimW = dimV , then V =W .

De�nition. A map L ∶ V →W between two vector spaces V andW is linear if

L(αv1 + βv2) = αL(v1) + βL(v2).

De�nition. �e kernel or nullspace of a linear map L ∶ V →W is the subspace ker L ⊂ V de�ned by

ker(L) = {v ∈ V ∣ L(v) = 0} .

De�nition. A linear map L ∶ V →W is injective if ker L = 0.

De�nition. �e image or range of a linear map L ∶ V →W is the subspace image(L) ⊂ W de�ned
by

image(L) = {L(v) ∈W ∣ v ∈ V} .

De�nition. A linear map L ∶ V →W is surjective if image(L) =W .

De�nition. A linear map L ∶ V → W is an isomorphism if there exists a linear map L−1 ∶ W → V
such that L−1L = IdV and LL−1 = IdW .
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A linear map is an isomorphism i� it is both injective and surjective.

De�nition. Vector spaces V andW are isomorphic if there exists an isomorphism from V toW .

Note that V andW are isomorphic i� dimV = dimW .

De�nition. A sequence of linear maps

⋯ L−2→ V−1
L−1→ V0

L0→ V1
L1→ V2

L2→ V3
L3→ ⋯

is exact if ker Li = imageLi−1 ⊂ Vi . A �nite sequence of the form

V0
L0→ V1

L1→ V2
L2→ ⋯ Ln−1→ Vn

is exact if this condition holds wherever it makes sense, i.e. for i ∈ {1, . . . , n − 1}.

De�nition. Given a subspaceW ⊂ V0, a resolution of the subspaceW is an exact sequence of the
form

V0
L0→ V1

L1→ V2
L2→ ⋯ Ln−1→ Vn

Ln→ 0

such that ker L0 =W .

Example. By the Poincaré lemma, the de Rham complex of a star-shaped region U ⊂ Rn is a reso-
lution of the subspace of constant functions R ⊂ Ω0(U).

�eorem. If
0→ V1

L→ V2

is exact, then L is injective.

Proof.
ker L = V0 = 0.

�eorem. If
V1

L→ V2 → 0

is exact, then L is surjective.

Proof.
imageL = ker(V2 → 0) = V2,

so L is surjective.

Corollary. If
0→ V1

L→ V2 → 0

is exact, then L is an isomorphism.

Proof. Since L is both injective and surjective, L is an isomorphism.
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De�nition. A short exact sequence is an exact sequence of the form

0→ V1
L1→ V2

L2→ V3 → 0.

�eorem. For any short exact sequence of �nite-dimensional vector spaces, dimV2 = dimV1+dimV3.

Proof. �is proof may seem elaborate, but it follows the usual recipes of linear algebra. Suppose
dimV1 = n. �en we may take a basis {ei}ni=1 of V1. �us {L1(ei)}ni=1 span the image of L1. Since
L1 is injective, {L1(ei)}ni=1 are independent in V2. We can �nd vectors { f j}

r
j=1 so that {L1(ei)}ni=1 ∪

{ f j}
r
j=1 becomes a basis of V2. �us dimV2 = n + r. Note that {L1(ei)}ni=1 ⊂ image(L1) = ker(L2),

so L2(L1(ei)) = 0. Now L2 is surjective, so the {L2( f j)}
r
j=1 must span V3. If we can show that

{L2( f j)}
r
j=1 are independent, then dimV3 = r, and the theorem follows.

To show independence, suppose ∑ a jL2( f j) = 0. �en 0 = L2 (∑ a j f j) Ô⇒ ∑ a j f j ∈ ker L2 =
image(L1). Since {L1(ei)}ni=1 span the image of L1, we have

r
∑
j=1

a j f j =
n
∑
i=1

biL1(ei),

for some constants {bi ∈ R}ni=1. In particular,

n
∑
i=1
−biL1(ei) +

r
∑
j=1

a j f j = 0.

Since {L1(ei)}ni=1 ∪ { f j}
r
j=1 are independent in V2, all the coe�cients {bi} and {a j} must be zero.

We wanted to show that all the a j = 0, so we are done.

�eorem. If L ∶ V →W, then

0→ ker L i→ V L→ image(L) → 0

is a short exact sequence, where i ∶ ker L → V is the inclusion map.

Corollary (Rank-nullity). If L ∶ V →W is a linear map of �nite-dimensional vector spaces, then

dimV = dimker L + dim imageL.

De�nition. �edirect sumofV⊕W of two vector spaces is the vector space of pairs {(v ,w) ∣ v ∈ V , w ∈W},
where the operations are (v1,w1) + (v2,w2) ∶= (v1 + v2,w1 +w2) and α(v1,w1) = (αv1, αw1).

�eorem. If A, B ⊂ V are subspaces such that V = span(A∪ B), then

0→ A∩ B → A⊕ B → V → 0

is a short exact sequence, where A∩B → A⊕B is the diagonal map v ↦ (v , v), and themap A⊕B → V
is the di�erence map (a, b) ↦ a − b.
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Corollary.
dimV = dimA+ dimB − dim(A∩ B).

De�nition. IfW ⊂ V is a vector subspace, then the quotient space is the set of equivalence classes

V/W ∶= {[v] ∣ v ∈ V and [v1] = [v2] ⇐⇒ v1 − v2 ∈W} .

�e equivalence classes are thus of the form [v] = v +W , i.e. translates of the subspaceW .
Example. SupposeW ∶= {(x1, 0, 0) ∈ R3 ∣ x1 ∈ R} . �en R3/W = {[(x1, x2, x3)]} where we ignore
the x1-coordinate. �e x1-coordinate is still there, but it gets ignored. For example,

[(5, 3, 7)] = [(0, 3, 7)] .
We could always set the x1-coordinate to zero, but we don’t have to.
�eorem. If W ⊂ V is a subspace, then

0→W i→ V
q
→ V/W → 0

is exact, where i is the inclusion map, and q is the quotient map q(v) = [v].
Corollary.

dimV/W = dimV − dimW .

Suppose that X and Y are sets, and that X has an equivalence relation ∼. Given an element x ∈ X,
let [x] denote its equivalence class. Let X/ ∼ denote the “quotient set” of equivalence classes.
De�nition. A function f ∶ X → Y is well-de�ned on the quotient set if

f (x1) = f (x2) whenever x1 ∼ x2.

When f is well-de�ned on X/ ∼, it makes sense to de�ne a function f ∶ (X/ ∼) → Y according to
the rule

f ([x]) ∶= [ f (x)] .
Example. SupposeV1 andV2 are vector spaces, andW ⊂ V1 is a subspace. In order to de�ne a linear
map

V1/W → V2,
it su�ces to de�ne a linear map

L ∶ V1 → V2

and show that L is well-de�ned on the quotient space. We must check the condition

L(v1) = L(v2) whenever v1 ∼ v2
⇐⇒ L(v1 − v2) = 0 whenever v1 − v2 ∈W
⇐⇒ L(w) = 0 whenever w ∈W
⇐⇒W ⊂ ker L.

SinceW is the subspace of elements which represent zero in the quotient,

a linear map is well-de�ned i� everything which represents zero actually maps to zero.

Whenever this holds, it makes sense to de�ne L ∶ (V1/W) → V2 by

L([v]) ∶= [L(v)] .
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Chain complexes

De�nition. A sequence of linear maps

⋯ d p−2

→ Cp−1 d p−1

→ Cp d p

→ Cp+1 d p+1

→ Cp+2 d p+2

→ Cp+3 d p+3

→ ⋯

is called a cochain complex if image d p−1 ⊂ ker d p ⊂ Cp. Equivalently, d p ○ d p−1 = 0 for each p. �e
vector spaces Cp are called cochains, and the linear maps d p are called di�erentials or coboundary
maps.

Note that every exact sequence is a cochain complex, but not conversely. �e di�erence is that for
an exact sequence, we demand that image d p−1 = ker d p.

Example. �e de Rham complex Ω●(U) of an open subset U ⊂ Rn is a cochain complex with
Cp = Ωp(U) and d p the exterior derivative d.

De�nition. �e cocycles of a cochain complex C are the subspaces Z p = Z p(C) ∶= ker d p ⊂ Cp.

(�e letter Z comes from the German word “zyklus” for cycle.)

Example. In the de Rham complex, cocycles are called closed forms.

Z p(U) ∶= {ω ∈ Ωp(U) ∣ dω = 0} = ker(d ∶ Ωp(U) → Ωp+1(U)) ⊂ Ωp(U).

De�nition. �e coboundaries of a cochain complexC are the subspaces Bp = Bp(C) ∶= image d p−1 ⊂
Z p(C) ⊂ Cp.

Example. In the de Rham complex, coboundaries are called exact forms.

Bp(U) ∶= {dη ∣ η ∈ Ωp−1(U)} = image (d ∶ Ωp−1(U) → Ωp(U)) .

De�nition. �e cohomology of a cochain complex C is the collection of quotient spaces Hp =
Hp(C) ∶= Z p(C)/Bp(C) = ker d p/image d p−1.

Example. If U ⊂ Rn is open, then the cohomology of the de Rham complex is

Hp(U) ∶= Hp(Ω●(U)) = {ω ∈ Ωp(U) ∣ dω = 0}
{dη ∣ η ∈ Ωp−1(U)}

.

Any vector [ω] ∈ Hp(U) is represented by some ω ∈ Ωp(U), and [ω1] = [ω2] i� ω1 = ω2 + dη for
some η.

De�nition. Given two chain complexes A and B, a chain map f ∶ A → B is a collection of maps
{ f p ∶ Ap → Bp} such that d p ○ f p = f p+1 ○ d p.

⋯ d p−1
// Ap d p

//

f p
��

Ap+1 d p+1
//

f p+1
��

Ap+2 d p+2
//

f p+2
��

⋯

⋯ d p−1
// Bp d p

// Bp+1 d p+1
// Bp+2 d p+2

// ⋯
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Example. Suppose U ⊂ Rm and V ⊂ Rn are open subsets, and ϕ ∶ U → V is C∞. �en ϕ∗ is a chain
map of the de Rham complexes:

⋯ d p−1
// Ωp(V) d //

ϕ∗
��

Ωp+1(V) d //

ϕ∗
��

Ωp+2(V) d //

ϕ∗
��

⋯

⋯ d p−1
// Ωp(U) d // Ωp+1(U) d // Ωp+2(U) d // ⋯

�eorem. If f ∶ A→ B is a cochain map, then f determines a well-de�ned map (usually also denoted
by f ) on cohomology.

⋯ Hp−1(A)
f

��

Hp(A)
f

��

Hp+1(A)
f

��

⋯

⋯ Hp−1(B) Hp(B) Hp+1(B) ⋯

Example. Suppose U ⊂ Rm and V ⊂ Rn are open subsets, and ϕ ∶ U → V is C∞. �en ϕ∗ gives
maps

⋯ Hp(V)
ϕ∗

��

Hp+1(V)
ϕ∗

��

Hp+2(V)
ϕ∗

��

⋯

⋯ Hp(U) Hp+1(U) Hp+2(U) ⋯

De�nition. Given two cochain maps f , g ∶ A→ B, a cochain homotopy from f to g is a collection of
maps S = {Sp ∶ Ap → Bp−1} such that

dS + Sd = f − g ,

i.e. d p−1Sp+Sp+1d p = f p− gp for each p. Two cochainmaps f and g are said to be cochain homotopic
or homotopic if there exists

⋯ d p−2
// Ap−1 d p−1

//

f p−1
��
g p−1





S p−1

}}

Ap d p
//

f p
��
g p





S p

||

Ap+1 d p+1
//

f p+1
��

S p+1

||

⋯
S p+2

}}
⋯

d p−2
// Bp−1

d p−1
// Bp

d p
// Bp+1

d p+1
// ⋯

De�nition. A smooth homotopy between two smooth maps ϕ0, ϕ1 ∶ U → V is a smooth map
ϕ ∶ [0, 1] ×U → V such that ϕ∣t=0 = ϕ0 and ϕ∣t=1 = ϕ1.

Example. Suppose U ⊂ Rm and V ⊂ Rn are open subsets, and suppose ϕ ∶ [0, 1] × U → V is any
smooth map, so that ϕ0 is smoothly homotopic to ϕ1. �e homotopy operator Sϕ gives a cochain
homotopy from ϕ∗1 to ϕ∗0 .

0 // Ω0(U) d // Ω1(U) d // Ω2(U) d // ⋯

0 // Ω0(V) d //

ϕ∗0

JJ

ϕ∗1

TT
Sϕ

dd

Ω1(V) d //

ϕ∗0

JJ

ϕ∗1

TT
Sϕ

dd

Ω2(V) d //

ϕ∗0

JJ

ϕ∗1

TT
Sϕ

dd

⋯

Sϕ
dd
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�eorem. If two cochain maps are cochain homotopic, then they determine the same map on coho-
mology.

Proof. Suppose f and g are cochain homotopic. �en

f ([x]) − g([x]) = [( f − g)(x)] = [dSx + S��dx] =��
��[dSx] = 0.

Example. Suppose U ⊂ Rm and V ⊂ Rn are open subsets, and ϕ ∶ [0, 1] × U → V is a smooth
homotopy, so that ϕ0 and ϕ1 are smoothly homotopic. �en ϕ∗0 = ϕ∗1 on cohomology:

⋯ Hp(V)
ϕ∗0=ϕ

∗

1
��

Hp+1(V)
ϕ∗0=ϕ

∗

1
��

Hp+2(V)
ϕ∗0=ϕ

∗

1
��

⋯

⋯ Hp(U) Hp+1(U) Hp+2(U) ⋯

Dual spaces

De�nition. Given a vector space V , the dual space is

V∗ ∶= {α ∶ V → R ∣ α is linear} .

Suppose dimV = n, so we have a �nite basis {ei}ni=1.

De�nition. �e dual basis {εi}ni=1 to a basis {ei}
n
i=1 is characterized by the properties that the εi ∶

V → R are linear and satisfy

εi(e j) =
⎧⎪⎪⎨⎪⎪⎩

1 if i = j,
0 if i ≠ j.

Any vector v ∈ V can be written as v = ∑n
i=1 viei . From the above de�nition, we see that the εi are

the component functions εi(v) = vi . �us for any basis and its dual, we have the general formula

v =
n
∑
i=1

εi(v)ei .

In physics, this is o�en called resolution of the identity.

�eorem. �e εi form a basis for the dual space.

Proof. We need to show that the εi are linearly independent and span. For independence, suppose

α ∶=
n
∑
i=1

aiεi , and α = 0.

�en for each i we have both α(ei) = ai from the de�nition of the dual basis, and α(ei) = 0 from
the assumption α = 0. �erefore, each ai = 0, so there is no nontrivial linear dependence among
the εi .
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To show that the εi span, consider some β ∈ V∗. De�ne bi ∶= β(ei) so that each bi ∈ R. �us

β̃ ∶= ∑ biεi ∈ V∗.

I claim that β = β̃. To show that two functions are equal, it su�ces to prove that they agree at each
point. A general point v ∈ V can be written as v = ∑ viei . Now we compare

β(v) = β (∑ viei) = ∑ viβ(ei) = ∑ vibi ,

β̃(v) = (∑ biεi) (v) = ∑ biεi(v) = ∑ bivi .

�us β(v) = β̃(v) for all v ∈ V , so β = β̃. Since β̃ is a linear combination of {εi}, we conclude
that {εi} spans V∗. Since the {εi} are linearly independent and span, we conclude that {εi} is a
basis.

Calculus

De�nition. An open set U ⊂ Rn is a set such that for every point x ∈ U , there is some positive radius
r (depending on x) such that the open ball

Br(x⃗) ∶= {y ∈ Rn ∣ ∣x − y∣ < r}

is contained in U . Intuitively, every point in U is an interior point.

De�neV ∶= Rn. Consider the standard basis {ei}ni=1 ofRn, so that e1 = (1, 0, . . . , 0), e2 = (0, 1, 0, . . . , 0),
etc. �en any vector v = (v1, . . . vn) ∈ V can be written as

v =
n
∑
i=1

viei .

De�nition. Given a function f ∶ U → R and a vector v ∈ V , the directional derivative ∂v f is the
function de�ned by

(∂v f )(x) ∶= lim
h→0

f (x + hv) − f (x)
h

,

on the subdomain where this limit exists.

De�nition. �e partial derivatives are
∂ f
∂xi

∶= ∂e i f .

De�nition. For a nonnegative integer k, a function f ∶ U → R is of class Ck if all iterated partial
derivatives of f up to order k both exist over all of U , and are continuous. We write f ∈ Ck(U ,R),
or f ∈ Ck(U).

De�nition. A function f ∶ U → R is of class C∞ if f ∈ Ck for all k.

De�nition. �e coordinate functions {xi}ni=1 are functions xi ∈ C∞(U ,R) de�ned so that xi(v) =
εi(v) = vi for any v ∈ U .
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Even though xi = εi as functions, we regard them as living in di�erent vector spaces. Speci�cally,
xi ∈ C∞(U ,R), while εi ∈ V∗.
SupposeW is a �nite-dimensional vector space with basis {w j}

m
j=1. Given any function ϕ ∶ U →W ,

we can express ϕ in terms of component functions

ϕ = ∑ϕ jw j,

where ϕ j ∶ U → R. In this particular basis, ϕ = (ϕ1, . . . ϕm).
De�nition. Ck(U ,W) and C∞(U ,W) are the spaces of functions ϕ ∶ U → W such that each
component function ϕ j belongs to Ck(U ,R) or C∞(U ,R) respectively.
De�nition. If U1 ⊂ V1 and U2 ⊂ V2 are open subsets, then Ck(U1,U2) and C∞(U1,U2) are the re-
spective subsetsof functions ϕ inCk(U1,V2) andC∞(U1,V2) such that ϕ(U1) ∶= {ϕ(x) ∈ V2 ∣ x ∈ U1} ⊂
U2.

Warning Ck(U1,U2) and C∞(U1,U2) are usually not vector spaces!

�e building blocks of multivariable functions ϕ ∶ U1 → U2 are component functions ϕ j ∶ U1 → R,
so these are the most important functions to understand.

De�nition. For an open subset U ⊂ V ≅ Rn, then the total derivative of a function f ∶ U → R is

D f ∶= ∂ f
∂x1

ε1 +⋯ + ∂ f
∂xn

εn .

If f ∈ Ck(U ,R) for k > 0, then D f ∈ Ck−1(U ,V∗).
�eorem. If f ∈ C1(U ,R), then

∂v f = D f (v) =
n
∑
i=1

vi
∂ f
∂xi
.

�is theorem tells us that for C1 functions, the partial derivatives determine the directional deriva-
tives.

�eorem. If f ∈ C2(U ,R), then
∂v∂w f = ∂w∂v f

for all v ,w ∈ V. In particular, the partial derivatives are symmetric:

∂
∂xi

∂
∂x j

f = ∂
∂x j

∂
∂xi

f .

�e proof of this theorem is surprisingly subtle. �e standard proof uses Green’s theorem (see Spi-
vak). Alternatively, it is possible to prove this at any point by using a second-order Taylor polynomial
with remainder. (�e theorem is obvious on polynomials, and one shows that the remainder does
not contribute.)

�eorem. Suppose U and V are open subsets of Rn, and ϕ ∈ C1(U ,V) has a C0 inverse. Suppose
f ∈ C0(V) has compact support. �en

∫V f (v) dx1⋯dxn = ∫U(ϕ∗ f )(u) ∣det(Dϕ)(u)∣ dx1⋯dxn < ∞.
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Topology

De�nition. A topology on a set X is a collection of subsets T called “open sets” which satisfy

• �e empty set ∅ and the whole set X are open,

• �e union of an arbitrary collection of open sets is open,

• �e intersection of a �nite collection of open sets is open.

De�nition. A pair (X , T ) consisting of a set X and a topology T on X is called a topological space.
When the topology T is clear from context, we refer to X as the topological space.

De�nition. A subset C of a topological space X is closed if the complement X − C is open.

Example. Rn with the standard de�nition of “open set” is a topological space. �is is called the
standard topology on Rn. �e closed sets of Rn agree with the standard de�nition.

Example. �e trivial topology on a set X is the topology T = {∅, X}.

Example. �e discrete topology on a set X is T = P(X) ∶= {all subsets of X}.

De�nition. Given a topological space (X , T ), the relative topology, subspace topology, or induced
topology of a subspace S ⊂ X is the topology on S de�ned so that the open sets are

{S ∩U ∣ U ∈ T } .

Example. Consider the unit two-sphere S2 ⊂ R3. �e standard topology on R3 induces a subspace
topology on S2. In that induced topology, a subset U ⊂ S2 is open i� its stereographic projections
are open.

De�nition. �e interior S̊ of a subset S in a topological space (X , T ) is the union of all open sets
contained in S, i.e.

S̊ ∶= ⋃{U ∈ T ∣ U ⊂ S} .

Similarly, the closure S is the intersection of all closed sets containing S.

De�nition. An open cover of a subset S ⊂ X of a topological space (X , T ) is a collection of open
subsets U ⊂ T such that S is contained in the union, i.e.

S ⊂ ⋃U .

De�nition. A subset K ⊂ X of a topological space is compact if every open cover of K has a �nite
subcover.

Example. A subset K ⊂ Rn is compact i� it is closed and bounded (Heine-Borel theorem).

For any positive δ, let Uδ denote the set of all balls in Rn of radius δ. Note that Uδ covers all of Rn.
If K ⊂ Rn is closed and bounded, then Uδ is certainly a cover of K. By the compactness of K, we can
�nd �nitely many balls of radius δ which cover K.
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De�nition. A topological space X is Hausdor� if any two distinct points x1, x2 ∈ X are contained
in disjoint open sets.

Example. �e trivial topology on any set X with two or more elements is not Hausdor� since the
only open set containing x1 is X itself, which also contains x2.

De�nition. A basis for a topological space (X , T ) is a collection B ⊂ T of open sets such that any
open subset U ⊂ X can be written as a union of elements of U .

Example. �e set of open balls is a basis for the standard topology on Rn.

De�nition. A topological space is second-countable if it has a countable basis.

Example. �e set of open balls with rational centers and rational radii form a countable basis for
the standard topology on Rn. �erefore, the standard topology on Rn is second-countable.

De�nition. A map f ∶ X → Y between two topological spaces is continuous if the inverse image of
any open set is open.

�eorem. Using the standard topology, any map f ∶ Rm → Rn is continuous in the sense of topological
spaces i� it is continuous in the sense of δ and ε.

Proof. First suppose that f is δ-ε-continuous. We must show that the inverse image of any open set
V ⊂ Rn is open. Equivalently, for each x0 ∈ f −1(V) we must �nd an open ball Bδ(x0) of radius δ
and centered at x0 such that Bδ(x0) ⊂ f −1(V). Consider f (x0) ∈ V . Since V is open, we can �nd
a ball Bε( f (x0)) with radius ε and center f (x0) which is contained in V . By δ-ε-continuity, there
exists δ > 0 such that

∣x − x0∣ < δ Ô⇒ ∣ f (x) − f (x0)∣ < ε,
i.e. f (Bδ(x0)) ⊂ Bε( f (x0)). It follows that

Bδ(x0) ⊂ f −1(Bε( f (x0)) ⊂ f −1(V).

We have found our required open ball Bδ(x0) around the general point x0 ∈ f −1(V), so we know
that the inverse image of an open subset is open.
It remains to show the converse: if f is continuous in the sense of topological spaces, then f is δ-
ε-continuous. For any x0 ∈ Rm and ε > 0. We wish to produce δ > 0 such that ∣x − x0∣ < δ Ô⇒
∣ f (x) − f (x0)∣ < ε. Equivalently,

f (Bδ(x0)) ⊂ Bε( f (x0)).

for some δ > 0. It su�ces to show that

Bδ(x0) ⊂ f −1(Bε( f (x0))

for some δ, since f ( f −1(V)) = V for any subset V ⊂ Rn. (Compare with f −1( f (U)) ⊃ U , where
equality is not generally true.)
Now we are in position to use the de�nition of continuity for topological spaces. Since Bε( f (x0))
is open, by the de�nition of continuity for topological spaces, the inverse image f −1(Bε( f (x0)))
is also open. Clearly x0 ∈ f −1( f (x0)) ⊂ f −1(Bε( f (x0))). �erefore, we can �nd some open ball
of positive radius around x0 which is contained in f −1(Bε( f (x0))). �e radius of this ball is our
desired δ.
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De�nition. Let X be a topological space, and suppose f ∶ X → R. �e support of f , denoted
supp( f ), is the closure of {x ∈ X ∣ f (x) ≠ 0}.

Example. Suppose ψ is a cuto� function so that ψ(x) = 0 for x ≤ 0, and ψ(x) > 0 for x > 0. �en
supp(ψ) = (0,∞) = [0,∞).

De�nition. A function f ∶ X → R has compact support if supp( f ) is compact.

Warning SupposeU ⊂ Rn is open, and f ∈ C0(U). �e support of f is computed using the subspace
topology of U . For f to have compact support, it does not su�ce to have {x ∈ X ∣ f (x) ≠ 0}
be a bounded subset of Rn.

�eorem. If U ⊂ Rn and f ∈ C0(U), then f has compact support i� the closure inRn of {x ∈ Rn ∣ x ∈ U and f (x) ≠ 0}
is both bounded and contained in U.
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