Suppose U c R” is an open set which is star-shaped with respect to 0, and [a] € H?(U) with p > 0.
Recall that

Zr(U) cocycles closed forms  kerd {a e QP(U)|da =0}
mr(u) = 249 _ _ kerd _ |
BP(U) coboundaries exactforms imaged {dne Qr(U)|neQr-1(U)}
Any x € HP?(U) is x = [a] where a € QP(U) is a representative which satisfies da = 0, and [ ] =
[a,] iff a; — &y = dnp for some 17 € QP~1(U).

We want to show that [a] = 0, or equivalently « = d for some #, whenever da = 0. We write
o= Z ar(x) dx;.
I

Consider ¢(t,x) := tx, so that
$:[0,1]xU - U.

(That U is star-shaped with respect to zero is equivalent to the image of ¢ being contained in U.)

Note that we can treat ¢ as either a parameter or coordinate. As a parameter, we get an intervals
worth of functions
¢¢:U— U foreachte[0,1].

Define w := ¢* (). Let's compute this one piece at a time. Note that ¢*(dx;) = d(tx;) = t dx;+x; dt.
Slightly more generally,

¢*(dxi ndxjndx;) = (tdx; +x;dt) A(tdxj+x;dt) A (tdxg + xi dt)

= P dx; ndxj Adx+dt A (x;dx; A dxg - xjdx; A dxg + xidx; A dx;).

¢?(dxi/\dxj/\dxk)
Finally,
w=¢*(a) = ZI: ¢ (ar(x)) ¢*(dx;) = ZI: ar(tx) ¢* (dx;),

which we write as

w=> fi(t,x)dx;+dt A ) gi(t,x) dxj,
—_—
¢7 ()

and we know that
f] = t‘DOCI(tX).
Note that dw = 0 since dw = d(¢*(a)) = ¢p*(da) = $*(0) = 0.

0=dw-= ZI:(Z g—ﬁ(t,x) dx; + %(t,x} dt) A de—dt/\EI:(Z g;i:(t,x) dx; + % £9) dt) dx;.
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Looking at the coefficient of dt, we see that

0

d 9
; a—ftl(t,x) dx; - ;a%(t,x)dxi A dx;.
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By the fundamental theorem of calculus,

zljfz(l,x) dx; - zI:fI(O,x) dxy = Z(./Ol g—i(t,x) dt) dx; A dx;

J,i

¢1(a) — ¢ (a) = zi:dxi A % Z(folg(t,x) dt) dx;

i

:d(Z(/Olg(t,x)dt) dx,).

J
For the left hand side, note that ¢} («) = &, and for p > 0, ¢; () = 0.
Define 17 := ) ; (fol g(t,x) dt) dx; € QP71(U). Then

a=dn.

To generalize, write
w=p+dtAy,

where w € QF([0,1] x U). Note that we can treat ¢ as either a parameter or coordinate. As a
parameter, for any fixed t,, we can view 3(ty) € Q(U) and y(ty) € QP~}(U). Note that

B(t) = ¢ («).

Alternatively, treating ¢ as a coordinate, € Q?([0,1]xU) andy € Q?([0, 1]xU). Correspondingly,
there are two ways to compute the exterior derivative dy or d[o1)«u, related by

0
d[o)l]xuw =dt A a—c: + dUCU.

Note that

duf =d ((1)),
dyy = d(y(1)).

O0=dw-= d[O,I]XUw =dt A % + dUﬁ —dtna (d/ﬁjg—f‘i‘ de)

op
— dyB + dt A (E—de).

We compute

Define the operator $ : Q2-1([0,1] x U) — Q#~1(U) by
R 1
S(wy +dt Awy) = f w,dt.
0

Then
0=$(de) = [ (L -a0) dt=pa)-po)-d [y
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and because () = ¢; (), we have (1) — f(0) = ¢3(a) — ¢ (a) = a — 0. Thus
azdﬁly(t)dt.

Thus if we set .
1= [ y(0)dt=38(B+dtny) = (@) = (¢ (@),
we get
a=dn.
The operator Sy := S o ¢* is called the homotopy operator corresponding to the homotopy ¢. If
da = 0, then we have
a=dSsa.
For more general « not necessarily satisfying da = 0, we compute

. 1 1
dS¢oc:dS(/3+dt/\y):df0 y(t)dtz/o duy(t) dt.

Swapping the order, we find
Seda = § (dU/s +dt A (% - de))
= /01 (?f; de) dt
=B~ 5(0) - [ duy(r)dr
¢1(a) - g5 (a) - dSya.

Therefore,

(dSg +Sgd)a = ¢ (a) - ¢ (a).

This is the abstract characterization of a homotopy operator, and a major result!

From here, we can conclude homotopy invariance of cohomology. Let U ¢ R™ and V c R" be
any general open sets, and suppose ¢ : [0,1] x U — V is any smooth map, so that ¢, is smoothly
homotopic to ¢;. For any [«] € H?(U), we wish to show that ¢;([«]) = ¢ ([«]). As above, define
Sg = S0 ¢, so that Sy : QP(V) — Q-1 (U). Then

o1 ([a]) - ¢o([a]) = [¢7 () - ¢ (a)] = [dSya - Sekt] = [dSyat] = 0.
Thus
¢1 = ¢; on H?,
so homotopic maps are identical on cohomology.

0 —>Q°(U)—>QI(U)—>QZ(U)—> =L an(U) =0
S%a( jrpm( o1 9 ¢\ \0 ¢1
0 — (V)4 ai(V) 4= (V) 4= . —Lan(v) 40

Rather than doing explicit computations by hand, it often works quite well to instead study the
abstract operators on chain complexes as above. This is the subject of homological algebra. We will
study this after integration on manifolds.



