Problem 1. Consider the permutation ¢ given by

o(n) (431562

Compute sign (o).
Problem 2. Compute
E4NESNELNEsAEsAE (€1, e, €3, ey €5, ¢E).
Problem 3. Compute
(1 + 36, +2€3) A (9e1 + 565 + 7¢3) A (7€ + 36, + 5¢3).
Problem 4. Identify the components of
(Vg +va&y + v3€3) A (W1€1 + Way + W3Es3)
with the components of the cross product v x w.

Problem 5. For w = €] A &, + &3 A &4 + €5 A &6, compute

e WAW
e WAWANW
e WAWANAWAN®

Problem (Graduate, M&T 2.10). Let V be a 4-dimensional vector space and {¢,, ..., &} a basis for
A'(V*). Let A = [a;j] be a skew-symmetric matrix and define

0= Za,-je,- NEj.
i<j

Showthata Ao =0 <= detA=0.Say a A = X.&; A &, A &3 A g4. What is the relation between A
and det(A)?

Hint:
0 a b ¢
-a 0 d e
det b o-d o f = (af —be+cd)’.
-c —e —f 0

Problem 6. Consider the map ¢ : R3 - R? given by
¢(x1, X2, x3) = (x1x2> x2x3).

Suppose y;, y, are coordinate functions on R? with corresponding one-forms dy;,dy,. Let a €
Q!(R?) be the one-form given by

a = yrdyr - yidy,.



Compute ¢*(a) € QI(R3).
o Compute da.
« Compute ¢*(da).
« Compute d¢*(a).
Problem 7 (M&T 3.1). Show for an open set in R? that the de Rham complex
Q°(U) > QY(U) > Q2(U) > 0
is isomorphic to the complex

rot

C>(U,R) > C=(U,R?) S C=(U,R) - 0.

Analogously, show that for an open set in R? the de Rham complex is isomorphic to

rot div

C=(U,R) 3 C=(U,R?) 5 C=(U,R?*) = C*(U,R) - 0.

The Tuesday option

Here is the first problem from the next problem set. If you want, you may instead hand in this
assignment on Tuesday, together with this additional problem.

Let y : C>(R) - C>=(RR) be any operator obeying the following properties:

o R-linearity: y(af + fg) = ax(f) + Bx(g) for a, f e Rand f, g e C=(R).
» Product rule: x(f-¢) = x(f)-g+f- x(g)-

o Identity: x(x) = 1, where x € C>(R) denotes the identity function. (i.e. y(f) = 1 when
f(x)=x.)

Problem 8.

o Prove that x(1) = 0, where 1 € C*~(IR) denotes the constant function with value 1.

o Prove that for any a € R,
X()lx=a = f'(a).

Conclude that y = . Hint: Use a first-order Taylor polynomial.

x°

« Suppose that the “Identity” property no longer holds. Rather than y(x) = 1, suppose y(x) = g
for some g € C*(R). Generalize the above result.



