
Orientations and linear maps

�emanifold Rn has two possible orientations, determined by

±dx1 ∧⋯ ∧ dxn .

Let’s wean ourselves away from using normal vectors to visualize orientations.

We begin with the well-known fact from linear algebra that every invertible square matrix can
be written as a product of elementary matrices http://en.wikipedia.org/wiki/Elementary_
matrix. Correspondingly, every invertible transformation of Rn is a composition of the following
transformations:

• Coordinate swap xi ↔ x j,

• Scale transformation xi → kxi with k ≠ 0,
• Skew transformation xi → xi + kx j with i ≠ j.

Note that a coordinate swap corresponds to re�ection about the plane xi = x j. Also, a scale trans-
formation with k = −1 corresponds to a re�ection about the xi = 0 plane. A�er possibly composing
with this k = −1 re�ection, we can assume that k > 0. �us we consider four types of transforma-
tions:

• Coordinate swap xi ↔ x j,

• Scale transformation xi → −xi ,
• Scale transformation xi → kxi with k > 0,
• Skew transformation xi → xi + kx j with i ≠ j.

Problem 1. How do each of these four elementary transformations a�ect the two orientations of
Rn? How do the �rst two “re�ective” transformations compare with the last two “non-re�ective”
transformations?

In your head, think about the properties you would expect from a sensible notion of “orientation.”
According to what you would expect, do the above results make sense?

Cotangent vectors

Consider p ∈ Mn and α ∈ T∗p M. Suppose that in a local coordinate chart,
α = α1 dx1∣p +⋯ + αn dxn∣p

for some coe�cients where αi ∈ R.
Problem 2. Construct some f ∈ Ω0(M) so that d f ∣p = α.

Note: make sure f is de�ned on all ofM, and not just within the coordinate chart.
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Tuesday option

Derivations

Recall that in local coordinates, a vector �eld V looks like

V = V1
∂
∂x1

+⋯ + Vn
∂
∂xn
,

for smooth functions Vi . �is notation suggests that V acts as a directional derivative operator.
Speci�cally, given a function f ∈ Ω0(M), we de�ne V f ∈ Ω0(M), which is given locally by

V f = V1
∂ f
∂x1

+⋯ + Vn
∂ f
∂xn
.

Problem 3. Prove that V is a derivation on Ω0(M), i.e.

V(α f + βg) = αV f + βVg for α, β ∈ R and f , g ∈ Ω0(M),
V( f g) = g V f + f Vg for f , g ∈ Ω0(M).

Hint: Since a function is determined by its values at each point, it su�ces to check these formulas
locally. �ere is no need to reverify the transformation rule. (In class I already veri�ed in painstaking
detail that the transformation rule checks out.)

Problem 4. Referring to your answer for Problem Set 4, Problem 1, show that in the case M = R,
every derivation determines a vector �eld onM. �us forM = R, “vector �elds onR” are equivalent
to “derivations on Ω0(R).”

Note: it’s not di�cult to prove that for a general manifold M, “vector �elds on M” are equivalent
to “derivations on Ω0(M).” �e proof is a slight modi�cation of your answer for Problem Set 4,
Problem 1.
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