
Derivations

Recall that in local coordinates, a vector �eld V looks like

V = V1
∂
∂x1

+⋯ + Vn
∂
∂xn
,

for smooth functions Vi . �is notation suggests that V acts as a directional derivative operator.
Speci�cally, given a function f ∈ Ω0(M), we de�ne V f ∈ Ω0(M), which is given locally by

V f = V1
∂ f
∂x1

+⋯ + Vn
∂ f
∂xn
.

Problem 1. Prove that V is a derivation on Ω0(M), i.e.

V(α f + βg) = αV f + βVg for α, β ∈ R and f , g ∈ Ω0(M),
V( f g) = g V f + f Vg for f , g ∈ Ω0(M).

Hint: Since a function is determined by its values at each point, it su�ces to check these formulas
locally. �ere is no need to reverify the transformation rule. (In class I already veri�ed in painstaking
detail that the transformation rule checks out.)

Problem 2. Referring to your answer for Problem Set 4, Problem 1, show that in the case M = R,
every derivation determines a vector �eld onM. �us forM = R, “vector �elds onR” are equivalent
to “derivations on Ω0(R).”

Note: it’s not di�cult to prove that for a general manifold M, “vector �elds on M” are equivalent
to “derivations on Ω0(M).” �e proof is a slight modi�cation of your answer for Problem Set 4,
Problem 1.

Riemannian metric

In class I outlined how for S2 ⊂ R3, the metric dx2 + dy2 + dz2 pulls back under stereographic
projection to an induced metric in the X1,Y1 coordinates, which computations show is

(
2

1 + X2
1 + Y2

1
)

2

(dX2
1 + dY2

1 ) .

Consider the path γ ∶ R→ R2 given by γ(t) = ( t
®
X1

, 0
®
Y1

).

Let’s do some computations using this metric.

Problem 3. Based on the geometry of S2, explain what the length of γ should be. �en use the
induced metric to verify your answer.

Problem 4. Using the inner product associated with the metric, show that the vector �elds ∂
∂X1
and

∂
∂Y1 are orthogonal at every point.
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Problem 5. For any point (X1,Y1) ∈ R2, use the metric to compute the side lengths for the in�nites-
imal rectangle with base vector (∆X1)

∂
∂X1
and height vector (∆Y1)

∂
∂Y1 , for ∆X1, ∆Y1 ∈ R. �en com-

pute the area of this in�nitesimal rectangle. Compute the area of S2 by summing the areas of these
in�nitesimal rectangles while letting ∆X1 → dX1 and ∆Y1 → dY1. Finally, compare the integral you
evaluated with the general volume formula

vol = ∫
√

det(gi j) dx1⋯dxn ,

where the gi j are the components of the metric.

(X1,Y1) (∆X1)
∂

∂X1

(∆Y1)
∂

∂Y1

Tuesday option

Consider the vector �eld on R3 given by

V = x ∂
∂x

+ y ∂
∂y

+ z ∂
∂z
.
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Let e ∶ S2 ↪ R3 denote the standard embedding, and hi ∶ S2 → R2 for i ∈ {1, 2} be the standard
coordinate charts with coordinates (Xi ,Yi).

R2 h−1i // S2 � � e // R3 .

Problem6. Show thatV corresponds to a di�erential formω onR3 such that e∗(ω) is an orientation
form on S2.
Hint: On the individual tangent spaces, the map e∗ is a le�-inverse to the map π∗ from Problem
Set 7, Problem 1. �e remainder of that problem should suggest what to choose for ω. Now to show
that e∗(ω) is an orientation form on S2, it su�ces to show that e∗(ω) is nonzero in each of our
coordinate charts h1 and h2. For the lazy:

h−1i (Xi ,Yi) =

⎛
⎜
⎜
⎜
⎜
⎜
⎝

2Xi

1 + X2
i + Y2

i
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

x

,
2Yi

1 + X2
i + Y2

i
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

y

, (−1)i−1
−1 + X2

i + Y2
i

1 + X2
i + Y2

i
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

z

⎞
⎟
⎟
⎟
⎟
⎟
⎠

,

(e ○ h−1i )∗(dx) = d 2Xi

1 + X2
i + Y2

i

=
2

(1 + X2
i + Y2

i )
2 ((1 − X2

i + Y2
i ) dXi − 2XiYi dYi) ,

(e ○ h−1i )∗(dy) =
2

(1 + X2
i + Y2

i )
2 (−2XiYi dXi + (1 + X2

i − Y2
i ) dYi) ,

(e ○ h−1i )∗(dz) = (−1)i−1
4

(1 + X2
i + Y2

i )
2 (Xi dXi + Yi dYi) ,

(−2XiYi dXi + (1 + X2
i − Y2

i ) dYi) ∧ (Xi dXi + Yi dYi) = −Xi(1 + X2
i + Y2

i ) dXi ∧ dYi ,
(Xi dXi + Yi dYi) ∧ ((1 − X2

i + Y2
i ) dXi − 2XiYi dYi) = −Yi (1 + X2

i + Y2
i ) dXi ∧ dYi ,

((1 − X2
i + Y2

i ) dXi − 2XiYi dYi)∧

∧(−2XiYi dXi + (1 + X2
i − Y2

i ) dYi) = −(−1 + X2
i + Y2

i ) (1 + X2
i + Y2

i ) dXi ∧ dYi ,

(−1)i−1 (−16X2
i − 16Y2

i − 4 (−1 + X2
i + Y2

i )
2
) = 4(−1)i(1 + X2

i + Y2
i )

2.

(Now you don’t need to use a computer!)

Problem 7. Tweak our standard atlas of S2 to make it positive with respect to e∗(ω), and com-
pute ∫(S2 ,[e∗(ω)]) e∗(ω). Tweak the atlas to make it positive with respect to −e∗(ω), and compute
∫(S2 ,[−e∗(ω)]) e∗(ω).
Hint: You don’t need a partition of unity to compute these integrals. Since a single coordinate chart
covers S2 minus a point, and because the missing point has measure zero, it su�ces to integrate
e∗(ω) unmodi�ed in a single coordinate chart.
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Problem 8. Compute dω and ∫B3 dω. Comparing the result to your answer for 7, explain the coin-
cidence in terms of Stokes’ �eorem ∫∂M e∗(ω) = ∫M dω. (Don’t worry about signs and orientation
conventions.)
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