Review

Last time: for U c R?, we have

C=(U,R) — = C=(U, R?) "~ C=(U,R) — 0, (1)
and define
H°(U) := ker(V),
) __ ker(rot)
H(U) = im(V)
21y .. C°(UR)
HA(U) = im(rot)

Lemma (Poincaré). If U c R? is star-shaped, then

H°(U) =R,

H'(U) =0,

H*(U) 20.
Recall that H°(U) is the space of locally constant real-valued functions. Since all points of U are
connected by a segment to some point Xy, U consists of a single connected component. Therefore,

locally constant functions on U are determined by a single constant in R. H'(U) 2 0 is Theorem
1.4. H2(U) = 0 was done in the handout.

Consequently, if U is star-shaped, then (I is an exact sequence which resolves the subspace of con-
stant functions in C* (U, R).

The story is very similar for U c R3. We have

C=(U,R) —V> C=(U, R?) —% ¢ (U, R?) -2~ ¢ (U, R) —0,
and define

H°(U) := ker(V),
_ ker(rot)
im(V) ’

HA(U) = ker(div)

HY(U):

im(rot)
C>(U,R)
H*(U) = ———~.
(V) im(div)
Lemma (Poincaré). If U c R? is star-shaped, then
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The goal of the next several lectures will be to develop the tensor calculus necessary to generalize

these results to U c R”. In particular, we will define tensors

COO(U’R) — QO(U) ﬂgl(U) LQZ(U)Lﬂﬂn(U) L)O

which generalize the above cases n = 2 and n = 3. Then
H°(U) := kerd®,
ker(Qr 25 Qp+1)

H?(U) :=

We will

define Q?P(U) and d?,

« prove the generalized Poincaré lemma,

develop tools to compute H?(U),

o 222
« PROFIT!!!
In the short-term,

« tensor algebra,
« tensor calculus,

o differential forms Q?(U) and d®.

The tensor product

Reference: Hitchin's notes, Chapter 2

im(Qe1 5 Q)

Suppose V and W are finite-dimensional real vector spaces. Define a vector space V ® W according

to the rules

o Foreveryv e V,w e W there is a product vector v® w € V ® W. (generators)

« Bilinearity (relations):

(avi+Pvy)@w=av,@w+ v, ®w,

v (awy + fw,y) = av @ wy + v @ w,.

(2)

A general element in V ® W is a finite sum of the form Zi:l Ak - Vi ® Wi, where 0 < £ € Z, and each

vie Vandw,e W.


http://people.maths.ox.ac.uk/hitchin/hitchinnotes/Differentiable_manifolds/Chapter_2.pdf

Fact. If {e;}]., is a basis for V and {fj};:l, then {ei ® f]} is a basis for V.® W. Therefore, dim(V ®
W) =dimV -dim W.

The proof will come later.
Example.
€1 ®f1 +2€1 ®f2+€2 ®f1 +2€2 ®f2 ceVeoW.

An element of V ® W is decomposable if it can be written as a single tensor product. For example,
the above expression is

(e1+e)® (fi+2f2).

Otherwise, a tensor is called indecomposable, for example
(4] ®f1 + e ®f2.

(This is not obvious.)

It’s easy see that the basis vectors {ei ® fJ} span V ® W. This is because V ® W is spanned by tensors
of the form v ® w, and such tensors can be expanded as

vew=(Yvie) 8 (Lwifi) = XX (viw;) ei@ fj.

Independence is harder, so we will defer this to the end.

Universal property

The tensor product is the universal bilinear operation. To understand what this means, consider the
example of the cross product R?* x R* — R3. The cross product is bilinear, so it is determined by the
multiplication table

epxe; =0 epXey=e3 e xe3=—e

€y X e =—¢e3 ey xe, =0 e, Xe3 =e€;

esxe =e e3xe=-e e3xe;=0.

The tensor product allows one to rewrite bilinear maps as linear maps. Specifically, we can define a
linear map X : R3 ® R? — R3 by

>~<(€1®61):0 >~<(€1®€2):€3 >~<(61®e3):—€2
>~<(€2®61)=—e3 >~<(€2®€2)=0 >~<(€2®e3):€1
>~<(€3®€1):€2 i(€3®62)=—€1 >?(e3®e3)=0.

Under this framework, it makes sense to compute
X(e1®ey+5e,®e3) =%(e;®ey) +5%(e; ®e3) = (e x ey) +5(ey x e3) = e3 + 5ey.

More generally, if B: V x W — U is any bilinear map, it makes sense to define B’(}/ ®w) = B(v,w)
and extend linearly. Why is this well-defined? We need to verify that the value of B(v ® w) does not
depend on any particular expansion of v ® w. Specifically, we need to verify that

B((avi+pvy)@w) L B(avi@w+pra@w).
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Using the definition of B, and then using bilinearity, the left hand side is
B(avy + vy, w) = aB(vi, w) + B(va, w).
Using linearity of B, and then using the definition of B, the right hand side is
aB(vi®w) + fB(v; ® w) = aB(v;, w) + BB(vy, w).

Thus our results agree. After also checking the second relation in (2), we conclude that B is well-
defined.

We are almost ready to state the universal property. First note that the tensor product itself is a
bilinear map

@:VxW->VeW,
(v, w) =vew.
Universal property For any bilinear map B : V x W — U, there exists a unique linear map B :

V ® W — U (as defined above) such that the following diagram commutes

VxW

(bilinear)

® (bilinear) U

///f@;:/]

Ve Ww
iie. B=Bo®.

Note This universal property characterizes the tensor product.

=1
Mat,,.,, to the space of m x n matrices by

Example. Suppose {¢;};-, and { fj}:l_ are bases of V and W. We define abilinearmap M : Vx W —

V1w VIWy et VW,
M(v,w) = M(Y view, Y wifi) = [viw;] = e
VW1 VW 0 Vy Wy

It’s straightforward to check that M is bilinear, and that M(e;, f;) is a matrix with a single 1 in the
ij slot, and zeroes everywhere else.

We now finish our proof that {ei ® f]} is a basis for V.® W by showing that the {e,- ® f]} are inde-
pendent.



Proof. Suppose there were a linear dependence

Z 61,']' e; ® f] =0.
Then
M(Za,-je,- ®f]) = M(O) =0.
On the other hand, we compute

ann diz o Qin
~ _ | @21 G2 - Qo
M(Zaij ei®fj) - [aij] - : o
Am1 Am2 *° OQmn
Therefore we conclude
apy diz . Qin
azy Az o Ay | _ 0
Am1 Am2 *° Amn
Thus each a;; = 0, so there is no nontrivial dependence. ]

Multiple tensor products

Consider the triple product T : R?* x R3 x R* — R defined by
T(u,v,w):=(uxv)- -w.

This is linear in each variable separately. Such a map with three arguments is called trilinear. For
several arguments, the more general term is multilinear.

The multiplication table for T has 27 entries:
T(e,er,e1) =0, - T(ep,exe3)=1,
This table determines a linear map
T(el ®e®e)=0, - T(el e, ®e;3)=1, -

where )
T:RRR*QR3> > R.

This is expressed using the generalized universal property that any multilinear map L corresponds
to a unique linear map L:

Vix Vyxeoox Vi

L (multilinear)

® (multilinear) W

m

VieV,®-® Vi



Tensor product with R

There is a simple bilinear map
m:RxV —V

defined by m(a, v) := av. By the universal property, this is equivalent to a linear map
m:ReV —V

so that /i1(a ® v) = av. This map has an inverse given by
ml(v)=1®v.

The conclusion is that R ® V' = V via the natural map . Concretely, given a tensor in R ® V, we
can rewrite it, e.g.

30e,-5®e,=3(1®e;)-5(1®e) =1® (3e;) +1®(-5e;) = 1® (3e; — 5e,).
We use m to identify this with 3e; — 5e, € V.

Tensor algebra

Let V be a vector space. Define the tensor power of a vector space V as follows:

RPV=VeVe V.

p times

It satisfies

(R?PV)(RIV)=VeVe -aVeVeVe -oV=Q»MV.

p times q times

What is @ ° V2 It should satisfy
(R°V)eVv=V,
so it makes sense to define ® ° V = R. We want to consider expressions like
4 +5e1+e,-e1®e3+2e,0e,Qe;.
=~ —_——— — — —
®0 \4 ®1 \74 ®2 Vv ®3 Vv

The tensor algebra is defined to be
T(V)= @ KV

p:O ——
degree p part

finitely many nonzero
terms, allowing any
degree

The word algebra refers to the fact that T(V) is a vector space which is equipped with a multiplica-
tion (tensor product).

Example.
(2+€1)®(€3+€1®€2)=2€3+€1®€3+2€1®€2+61®€1®€2.



Tensor calculus

Define V := R". We have the standard basis {e;,...,e,} which correspond to the axis vectors.
Correspondingly, we have the dual basis {¢, .. ., &, } which are the coordinate functions. Let U c V
be an open subset.

€

€1

€3

For f € C~(U,R) we define the total derivative

Df ::Zg—fs,-eC“(U, V),

n
i=1 0Xi
We call Df a covector field because it has values in the dual space.
Example. If f(x;,x;) = xjx3, then
Df =3xix5¢e, +4x;x3¢,.
We can evaluate D f at some point x € U to get an element of V*, for example
Dfl(x1,0)=(1,1) = 3€1 +4e, € V*

This covector encodes the partial derivatives into a directional derivative.

Recall that the directional derivative in the direction v € V is

f(x+hv) - f(X)
p :

(0,)(%) = lim
For f € C}(U) (and therefore for f € C>), if v = 3 v;e;, then by the chain rule,

_v, 9f
avf = ;Via—xi.

In our example, if we want to compute the directional derivative at the point (1, 1) in the direction
of v = 2e; + e,, we evaluate

Df|an(v) = (3e1 +4&3)(2e1 + ;) =3-2+4-1=10.



Higher derivatives

Let W be any vector space, and consider ¢ € C* (U, W). Taking a basis {wj} of W, we can write ¢
in components as

$=2 bw
where ¢; € C>(U, W). We extend our definition of total derivative by
D(p = Z(D¢]) ® w; € COO(U, V*e® W)

Often W will itself be a tensor product or tensor algebra. For example, iterating D we get the fol-
lowing chain of maps:

C*(U,R) 3 c>(U,v) 3 c=(U, v e V') 3 C=(U,&* V') 3 -
In particular, D acts on the tensor algebra, increasing degrees by one:
D:C*(U,T(V*)) = C=(U,T(V")).

For example,
D(xie3 ® &5+ x3) = 216, ® €3 ® &, + &5.

Continuing with the previous example of f(x;,x,) = x7x; with Df = 3x2x5¢;+4x3 x5 ¢€,, we compute

D*f =D(Df) = D(3x3x;) ® &1 + D(4x;x3) ® &3 =
= (6x1x56; + 12x7x38,) @ &1 + (12x3x5€, + 12x7x3¢,) ® &,
= 6x1x56 ® e+ 12x1x5 (e, @ 5 + £, ® €1) + 12X X356, ® 5.

The total derivatives encode the partial derivatives. To extract partial derivatives from these tensors,
we need a notion of evaluation.

Evaluation of tensors I

Suppose t € V ® W. We can view ¢ as a bilinear map ¢ : V* x W* — R according to

vew(af)=av) B(w).

(When t is not decomposable, we use this formula for each term.) For example, if t = 5¢; ® e, +
3e, ® e;, then we can perform the evaluation

t(2e1, 61+ &) =5-2¢1(e1) - (e1 + &) (ex) +3-2e1(ez) - (&1 + &) (e1)
=5:2-1-(0+1)+3-2-0-(1+0) =10.

This isn’t quite what we want, since we wish to evaluate the tensor D? f, which takes values in V* ®
V.



Dual spaces and double-duals

Given a finite-dimensional real vector space V, the dual space V* is defined as
V*:i={a:V > R|aislinear}.

Given a basis {e;};_, of V, there is a standard way to construct a basis of V*, called the dual basis
{sj};l: .- This basis is defined by
1 ifi=j,
gj(e) = { g

0 ifi#],
and extending the ¢; linearly. Defined this way, the ¢; are coordinate functions. For instance, if
v=vie + -+ Ve,

then the components of v are
(Vs es V).

The j-th coordinate of v is then

gj(v) = gj(vier +--+vue,) = vigj(er) +--+vjej(e;) ++vuej(en) =0+ +0+v;- 140+ +0=v,.

Why do we care about dual spaces? If V is an inner product space and {e; } is an orthonormal basis,
then coordinate functions are given by the dot product

vi=¢€; V.

But this requires V to have some fixed inner product. Furthermore it requires us to choose an
orthonormal basis. If we wanted to study Riemannian geometry we would do this, but keeping
track of inner products quickly gets complicated. Keeping track of dual spaces instead will save
work in the long run.

Note that dim V' = dim V'*, and so abstractly, V = V*. For instance, we could construct an isomor-
phism V' — V* by sending e; ~— ¢;. However, the resulting isomorphism depends on the choice of
basis!!! Just as there is no natural choice of basis for an abstract vector space V, there is no natural
isomorphism between V and V*. In order to identify V* with V, we would need a particular iso-
morphism V = V*. Since there is no way to choose a distinguished isomorphism, we must think of
V and V* as distinct vector spaces.

The situation is different for V**. There is an evaluation isomorphism
ev:V —» V",

v (a-alv)).
— —
v v+ R
—_—
V**
To unpack this definition, let’s first note that V** = {linear maps V* — R}. Fix some v € V. Then
ev(v) € V**. To improve notation, let’s write ev, for ev(v). Thus ev, : V* - R. Suppose a € V*.

We need to specify ev, («). How do we get a real number from v and «?

evy(a) = a(v),



so we evaluate a on v. It’s easy to check that ev, : V* — R is linear:
ev,(2a +3pB) = 2a+3p)(v) =2a(v) + 3B(v) = 2ev,(a) + 3ev, ().
Thus ev, € V**,

Theorem. The map ev:V — V** given by v = ev, is an isomorphism.

Proof. Suppose v € ker(ev). Then

(e~ a(v))=(a~0).

= a(v)=0forall a
= all components of v are zero
= v=0.

We also need to show that ev is surjective. This now follows from the fact that V and V** have the
same dimension:

dim(image(ev)) = dim(V) — dim(ker(ev)) = dim V = dim V* = dim V**,

so image(ev) = V**. N

While V* # V, even though they are isomorphic, we can consider V** = V by using ev as our
understood identification.

We can view this identification as “symmetry of the dual pairing” as follows. For any vector space
W, define the dual pairing (e, ), : W* x W - R by

(B:w)y = B(w).

Note that this does not use an inner product on W since f € W*, and (w;, w,),, is undefined.

Forv e V and a € V*, observe that
(a,v)y = a(v) =ev,(a) = (evy, a) e .
Using the identification v <> ev,, we may write
(“’V>V = (v, “)V* >
so the dual pairing, although not an inner product, is still symmetric!
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Evaluation of tensors I1

According to our previous formula, we can view t € V ® W as a bilinear map ¢ : V* x W* - R
according to

Vo w(aB) = (o )y (Bwhy
Using our identifications, we may view t € V* ® W*, as a bilinear map t: V x W — R defined by
a®B(v,w) = (v, &)y (W, Blyye = (&, v)y (B W)y -
For example, if f(x1,x;) = x;x3, then
D*f = 6x1x76; ® &1 + 12x7x3 (61 ® &5 + &, ® 1) + 12x7x3 6, ® &3,

and

d
D*f(eye1) =6x1x%;-0-1+12x7x3(0-0+1-1) + 12x3x5 - 1-0 = 12x7x; = FYE
X2 0X1

More generally, if we let 0, denote the directional derivative along the vector v, then

sz(Vl, Vz) = 8,,1 avZf.

Symmetry of D?
Our goal is to turn
COO(U,R) B) COO(U, V*) B) COO(U, Vx— ® Vx-) B) COO(U,®3 V*) B)

into a resolution, however, D f # 0. We will eventually fix this.

For a general function f € C>(U,R),

0 2 R
D*f = D(Zaj: J) Zaxg £ ®e eC(U, V' V™).
j ]

Theorem. If f € C2(U,R) (and hence if f € C*), then a‘; ai f=

ax, ax,

The proof is surprisingly subtle. Spivak describes a proof which uses Fubini’s Theorem. Alterna-
tively, one could provide a straightforward proof using Taylor polynomials. (To show equality at
a given point, perform the second-order Taylor expansion. Then simple computations show both
that partial derivatives are symmetric on polynomials, and that the remainder does not contribute.)

Corollary. D?f is a symmetric tensor.
A tensor t € W ® W is symmetric if one of the following equivalent conditions hold.
t(a, ) =t(B,a) forall a, f € W*.

11



 The components [tij] form a symmetric matrix, i.e. t;; = tj;.

o 0(t)=t,whereo: W® W — W ® W is the swap map generated by o(w; ® w,) = w, ® wy.

Equivalence of these conditions is simple to verify. There is one remaining characterization which
is slightly trickier, but it will lead to our construction of the exterior algebra.

Theorem. A tensort € W ® W is symmetric, iff t is in the span of {w @ w | w € W}.

Proof. If t is in the span of {w ® w | w € W}, then a(t) = ¢, so t is symmetric. Conversely, we must
show that if t is symmetric, then it is spanned by vectors of the form w ® w. For this, we will use the
polarization identity

WL Q@ Wy + Wy ® Wy = (W) + W) ® (W +wy) — Wy @ W) — W) ® Ws.

This identity explains how to rewrite something in the form of the left hand side as terms of the
form w ® w.

Suppose { fj} is a basis for W. Then
i,j i,j J»i

where for the second equality we used the symmetry ¢;; = t};, and for the last equality we exchanged
the names of the dummy variables i and j. Thus

t:%t+%t=%Ztijﬁ®]‘j+§2tijﬁ®fi:Z%tij(fi®fj+ﬁ®ﬁ)
L] i ij
=it (it f) o (fivf)-fi® fi-f;8 f;) espan{wew|we W}

Definition of the exterior algebra and differential forms

To impose D?f = 0, we kill the symmetric part by taking the quotient
Ve V*

VIAV* = .
span{a®@ a|ae V*}

More generally, we will take a quotient of the tensor algebra T(V*). Let I denote the ideal in T(V*)
generated by elements of the form a ® a with a € V*, i.e. the additive and multiplicative span. For
instance,

AU ® ® s+ 0y ® 0y ® s € 1.

Definition. The exterior algebra is defined as
T(V*)
T

The product in the exterior algebra is written as the wedge product A instead of ®.

AVT =

12



Taking the quotient by I has the effect of literally setting « A & = 0 for any o € V'*.
Definition. The p-th exterior power of V* is
APV* :={w e A*V* | w is homogeneous of degree p} .
The degree of w refers to the number of V* factors.
Example.
Sep A Aes+enesneg e APVE.
SepAEy AEs+ e, AEs ¢ APV,

The second expression is not in A®V* because it's not homogeneous: the second term has degree
two.
Definition. Differential forms are smooth functions with values in the exterior algebra:
Q*(U) = C=(U,A°V?),
QP(U) = C“(U,APV*).
In other words, the coefficients of A®*V* are functions on U rather than scalars.
Example.

Ey N &3

2 2 2
x1+x2+x3

e QX(R’ - {0}).

X3X; €1 A € +

Definition. The exterior derivative d : Q*(U) - Q*(U) is the operator on Q*(U) induced by the
total derivative D. Similarly, Q#(U) := C> (U, A?V*).

Since taking a derivative adds one factor to any tensor, d : Q?(U) — QP*1(U).
Example.

d(x}e; nes) =3xTe; AeyAes.

Note Most people write dx; for ¢; since
d(xi) = &;.

Properties of the exterior algebra

Here are the important properties of the exterior algebra:

1. If dim V = n, then a basis for A?V'* is given by

{er, Aer, A- Aer, | Tisa (strictly increasing) subsequence of {1,...,n} withlength p}.
3)
For shorthand, we write
E11= €1 At A€,

so that our basis is {&;}; strictly increasing. 1NCreasing sequences of length p correspond to subsets
of length p

of size p from {1,...,n}. Consequently, dim APV * = (Z) In particular, APV* = 0 if p > n.

13



| dimA?V* p=[0]1][2]3[4]5]
n=0[1]0o[o0o]o0]0]0
n=1[1]1]0]0]0]0
n=2[1]2[1]0]0]0
n=3[1]3[3]1][0]0
n=4|1[4]6]4]1]0
n=5[1]5[10]10[5]1

. Ifa,feV*=AV* then
anB=-Bnra.

. (Hitchin’s Proposition 5.2) If « € A?V* and f € A1V *, then a A f = (-1)P1 A a.

. Ifa=a; Aoy A Aa, with each ai € V¥, then transposing «; and «; results in a minus sign,
ie.

A= A AKGANXGAR QA AN AXGA K A A
==X AN AR N (Xj AN&ip1 N A “j—l AN N (Xj+1 VARERIVAN (Xp.
. If 0 € S, is a permutation of {1,..., p}, then

« = sign(o) a1y A= A dg(p).-

. There is a bijective correspondence between A? V* and the space Alt? (V) of alternating multi-
linear maps V' x - x V — R. (Such a multilinear map A is called alternating if A(vy, ..., v,) =
| ——

P
0 whenever v; = v; for i # j). For a decomposable & = a; A--- A &, € APV*, the corresponding
alternating multilinear map is the “evaluation”

a(Vi, V2.5 vp) = Y sign(0) - ao)y (V1) - do(2) (V2)-+to(py (V).

€Sy

The exterior algebra is just like the tensor algebra, except that & A & = 0 whenever a € V*. To prove
these properties, we need to understand the consequences of this relation.

Example.

81/\%/\83:0.

Example. If a, § € V*, then

O=(a+p)r(a+B)=ard+anrf+fra+Brf — arf=-PAra

This proves Property[2] It's useful for reordering vectors in a wedge product.

14



Example.

EINEZNEFTEINEYNE]

=S AENEG - AEINE
S+ AEGANE -~ AENE
=0.
Example. If dim V' = 4, then according to Property[l}
{e1nEy, €1NEs, E1AEY, E2NEs, E2NEY, E3NELS
is a basis of A2V*.

It’s easy to show that the basis vectors (3) span A?V*, but it is difficult to prove that they are linearly
independent. Here is the proof that they span.

Proof. Since A?V* is spanned by decomposables, it suffices to show that (3)) spans any decompos-
able. Suppose & = a; A -+~ A @, is such a decomposable. We can expand each «; in terms of the ¢;

according to
o =), aije
J

for some collection of scalars a;; € R. Specifically,
a=(ane+ang+-+aiuen) A(aner +-) A A(ap1&r + App&y + -+ App€y)
= 0116121"'61P1 EINELNNE+ a11a21---ap2 EINETNNE+ -+

e span {eg, Aep, A+ A g, | Iisasequence of numbers from {1,...,n} oflength p}.

We are free to swap adjacent elements, since the minus sign does not affect the span. Hence we can
reorder each product so that the sequence is ascending. Sequences containing a duplicate corre-
spond to products containing some ;A €, so they vanish. All that remain are the strictly increasing
sequences. 0

Property 3] follows from iterating the swap operation.

Proof. Suppose «a, 3 are decomposable so that & = a; A--Aa,and f = By A---A B, witheach a; € V*
and f; € V*. Then

AAB=ar A Aap Ay AP AP A A B,
:_“1/\"'/\“1;—2/\“1;—1/\/31/\OCP/\/32/\[53/\---/\/3q

= (=12 A Aapa APr Ay Aay APy ABs A A By

=(-1)PBinas Aag A Ay APy AP A APy
=(=1)*PBiAfarnarAay ANy ABsABygA APy
= (=1)PIBy A APgAay A A,

- (-1)"MB A a.

15



In general, & and f are each sums of such decomposable terms. Expanding the product, each cross
term acquires a common factor of (—1)?4 when the order is interchanged. The result factors as

(-1)?P1B A a. O]
The proof of Property[4]is best illustrated by example.
Example. Suppose we wish to exchange «a, and a4 in
O=0 Ay Aas A Gy Ads A Og A 7.
First we move ag past as, a4 and as. Then
a= (1Yo AayAagAas Aoy Aas A a.
To obtain the desired result, we move a, past the same covectors a3, a4 and as, and also ag. Thus
a=(-1>-1)’ " nagAas AagAasAay Aag.

More generally, the total number of swaps required to exchange «; and «; is one more than twice
the number of factors between a; and «;, and hence is always odd.

We need some group theory for Property|5}

Definition. Given a permutation o € S, the permutation matrix is the matrix M, determined by
the linear transformation of R? determined by sending the basis vectors f; = f,(;).

Example. If o € S; is the permutation

o(l)=1,
a(2) =3,
a(3)=2,
then
| ] | 1 00
Me=| fi /5 £ |=[0 01
T 010

Note that 0 — M, is a group homomorphism from the permutation group S, to the group of p x p
invertible matrices, i.e.
0100, = MﬂlMaz-

Definition. The sign of a permutation o is
sign(o) := det M,.
Definition. A transposition is a permutation which swaps two elements, leaving all others fixed.

Theorem. If 7 € S, is a transposition, then sign(7) = —1.
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Proof. M, is the identity matrix with two columns swapped. Swapping columns changes the deter-
minant by a factor of —1. Thus det M, = —det(Id,,) = -1. O

It’s intuitively obvious that the group S, is generated by transpositions. Specifically, we can rearrange
p objects in any order by performing only swaps. Mathematically, any element o € S, can be written
(not uniquely!) as 0 = 77,7 for some collection of k transpositions. The number k depends on
o in a very specific way.

Corollary. If o = 7,7,---7x Where the Ty are transpositions, then sign(o) = (-1)*.

Proof.
sign(o) = det M, = det M,,...,, = (det M,,) -+ (det M, ) = (-1)*.

Now we can prove Property[5| Given o € S, write ¢ = 7;---74. Then
=0y A A
can be rearranged by k transpositions to

o= (—l)k(xg(l) A A Qg(py = SIBN(T) Ag(1) Ao A Bg(p).-

Relation to physics

Exterior algebras occur in physics when studying fermions. Suppose the number of pure states
is finite. For example, a single particle of spin s can occupy (2s + 1) possible pure states. Pure
states of a single particle correspond to basis elements {¢; } of some (complex) vector space, say V*.
A collection of p identical fermions corresponds to an element of A?V*. Identical particles can
be classified as either bosons or fermions. Fermions anticommute with each other, while bosons
commute with both bosons and fermions. Specifically, when two fermions are transposed, their
collective wavefunction acquires a factor of - 1. In Property[3] the factor of (~1)?4 can be interpreted
as saying that an even number of fermions behaves as a boson, while an odd number of fermions
behaves as a fermion:

A" V™ are bosons.

A°4V* are fermions,

One consequence is the Pauli exclusion principle, that no two fermions can occupy the same state.
Concretely, any basis element ¢; contains no duplicates.

Supersymmetry is a symmetry which exchanges bosons and fermions. The de Rham complex is
supersymmetric. An explanation of supersymmetry is far beyond the scope of this course, but one
consequence is that

dim A°4V* = dim A V™,
For example, in the case n = dim V' = 4, the dimensions of A?V* are so

dimA®"V* =1+6+1=38,

dim A*V* = 4+4=38.

17



| p=for[2]3]4]5]
| dimAPV*

Evaluation of wedge products

We have not yet proven Property (Il In particular, we have not yet shown that there are nonzero
elements of APV *! Property|6]is analogous to the universal property of tensor products. Since there
exist nonzero alternating maps, we conclude that there exist nonzero elements of A?V*.

We need to check that our definition in Property [6] of the evaulation map makes sense. We will
tackle this issue in the next section, first we consider some concrete examples.

Example. For p = 2, the group S, has two elements, and
e ne(v,w) =e(v)es(w) —e3(v)er(w) = vaws — va3w,.
This is
o the cross product of the projections of v and w to the x,-x; plane,

o the signed area of the parallelogram in R? with sides given by the projections of v and w,

o the determinant of the matrix [ vz W2 ]
vy w3
Example. Moving up, for p = 3, the group S; has six elements, and
€1 A& AE(U,V, W) = UiVaWs — UIVaWy — UpViW3 + UpVaWy + UsVi Wy — UzVaWy.
This is
o the triple product (u x v) - w,

o the signed area of the parallelepiped with sides u, v, w,

Uy vi W
o the determinantof | u, v, w,
Uz vy Wws

Example. Suppose I, ] are strictly increasing sequences of length p. Then

1 ifI=],

& e =& /\'/\8 e )--')e =
1(ey) =er, (e i) {0 otherwise,

and only the term corresponding to the identity permutation contributes the 1. This example shows

that { ey }1 strictly increasing Serves as a dual basis for A?V*. Evaluation on e; produces the &; component,
of length p
S0 just as

n
v=> ¢&(v)eforveV,

i=1

w= Z w(er) 1.

I strictly increasing
of length p

we have
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Why evaluation is well-defined

Unless one is using a fixed basis, there are many possible ways to express any given element of A?V*.
For example, if w = &, A &5 A &4, then we can rewrite this as

w=¢eNesNeg+E A (& +263) A (& +2¢3).

Both expressions are different representatives of the same element. In order to show that our defini-
tion makes sense, we must show that we obtain the same alternating map, regardless of our particular
representative.

different representatives give the same map
<= difference between two representatives gives the zero map
<= the ideal I generated by a A « for a« € V* gives the zero map
<= & A A &, maps to zero whenever ay = a.; for some k.

Although it is obvious that a; A -+ A a, = 0 whenever a; = ay,; for some k, so that a; A -+ A
®y(v1,...,v,) ought to be zero, it’s not obvious from our definition that

> sign(0) - ooy (V1) - do(2)(V2) - g(p) (V) = 0 whenever ay = a,, for some k,
€S,

and this is what we need to show.

Proof. Let 7 be the transposition which interchanges k and k+1. Then a,(;y = &g(7(i)), and sign(o) =
—sign(o o 7). Therefore,

Y sign(a) - &g(1) (V1) - @o(2) (v2) () (Vp)

0eS)

=- Z Sign(a ° T) : (xao‘r(l)(vl) . ‘xoo‘r(Z)(VZ)"'“UOT(p)(Vp)-

0eSp

Note that
{oot|oeS,}={0"|0"€S,}.

This suggests performing the substitution ¢’ := ¢ o 7, and our sum becomes

Y sign(0) - ae(1) (V1) - Ao(2) (V2) o) (Vp)

€Sy
=— > sign(o”) - a1y (1) - tgr(2)(V2) - er(py (Vp).
d'eSy
These sums are clearly equal, and therefore equal to zero. ]
It remains to show that our definition of w(vy,...,v,) yields an alternating map. For this, we must

show that if v; = v; for some i # j, then

Y., sign(0) - a1y (V1) - @2y (v2)-a(p) (v,) = 0.

0eSp
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The proof is essentially identical, using the transposition which swaps i and j.

Up to some repetitive verifications that every alternating map arises this way, we have established
the correspondence
APV* < Al (V).

Determinants

Based on our previous computations, it is natural to conjecture that

?
e N ANg (V.. vy) =det| v o vy,

This is easy to verify using the special case p = n of our correspondence A"V* < Alt"(V). Note
that det € Alt" (V') since det is multilinear in the columns, and vanishes if any column is repeated.
Also, Alt" (V') is one-dimensional since

dim Alt"(V) = dim A"V* = (”) -1,
n

Note that det + 0 since det(e, ..., e,) = 1. Since Alt"(V) is spanned by any nonzero element,
e A NEy(V1,..,vy) = Adet(vy, ..., vp)

for some constant A. Plugging in v; = e;, we compute that A = 1, and we have established our
conjecture.

Properties of the exterior derivative

Recall that the space of degree p differential forms is defined as
QP(U) := C=(U, APV*).

We make the standard identification
& = dx,'.

Since A?V* = 0 for p > n, we have Q?(U) = 0 for p > n. Also, since A°V* = R, we have Q°(U) =
C>(U,R).

The de Rham complex is
Q(U) 4= o (U) -4 02(U) 42— .. —4- on(U) —0,

where the exterior derivative d is induced from the total derivative D. The exterior derivative may
seem complicated at first, but in practice, it is much easier to compute with than D since it obeys
several nice properties:
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L If f € Q°(U), then

o o
df = 8_3{1de ot a;;dxn.

2.dod=0.
3. d(w; A wy) =dw; A wy + (-1)Pw; Adw, if w, € QP(U).

4. Suppose U; c R" and U, c R™ are open sets and ¢ : U; — U, is a smooth map. Then ¢
functorally induces maps ¢* : Qf(U,) - QP (U, ) determined by

¢" (0 7)=¢"(w) A d™(7),

5. ¢(f) = fogif fe Q(U2),
6. do*(w) = ¢*(dw).

This gives us a recipe to compute ¢* as follows. Suppose that {x;,...,x,} and {y1,..., ym} are
coordinate functions so that x; € Q%(U;) and y; € Q%(U,). Then the map ¢ may be viewed as a
sequence of relations

V= ¢1(x1,---,xn)
Vo = ¢2(X1, NN ,Xn)
Ym = Pm (X150 s Xm).

Specifically, given the coordinate function y; € Q°(Us,), the coordinate functions ¢; € Q°(U;) are
obtained by

¢j=¢"(yj)=yjo¢.

Example. Suppose ¢(x1,x2) = (x%,x1x,). Then ¢ is given by y; = x7, y» = x1x,. We can compute
¢* via substitution, i.e.

d*(yidy,) = (x3)2d(x1x2) = x} (x2dx) + x1dxy) = x1x, dxy + x7 dx,.

The de Rham complex as a generalization of vector calculus

The de Rham complex generalizes our old complex

rot div

C=(U,R) S C=(U,R*) S C*(U,R*) S C*(U,R) - 0.

For example, consider ¢ € C(U,R3), where ¢ = ¢y e, + ¢re; + ¢3es. Then

rot(¢) = (%—%)614-(%—%)624—(%—%)63.

0x, 0x3 dx3  0x ox; 0x,
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Alternatively, the computation in the de Rham complex involves fewer worries about conventions.
Consider

¢ = ¢1dx1 + ¢2dx2 + ¢3dx3 € QI(U)
Then

d¢=d(¢)) Adx, + ¢idds; +d(¢2) Adxy, +d(ps) Adxs € Q*(U)

_(9¢1 8(/)1 8¢>1 )
= (8x1 axzd 5 + o, ——dx; | Adx+

(a¢2d a¢2 a
o T 9T

0
+ (a—(bfdxl + a—%dxz + a—f%) A dx;

o¢ dx3) Adx,+
X3

a¢1 de A\ d.xl + — ¢1 dX3 AN dxl + aidxl A dx2+
aXZ 8x3 axl
¢2 dX3 A de + idxl A dX3 + aidXZ A dX3
a X3 ox X1 X2
36 aqsz) (a¢1 i a¢3) (a¢2 a¢1)
( ax2 ax3 de Adx X3 + ax3 axl dX3 A dx1 axl ax2 dxl A dxz.

This suggests that rot agrees with d : Q'(U) - Q2?(U) when we identify A2V* with R? via

dX2 A dX3 <~ €1,
dx; Adx; < ey,

dx; Adxy < es.
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